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DIAGONAL DIFFERENTIAL OPERATORS
ROBERT D. BATES
Abstract. We explore differential operators, T , that diagonalize on a simple basis, {Bn(x)}∞n=0, with
respect to some sequence of real numbers, {an}∞n=0, and sequence of polynomials, {Qk(x)}
∞
k=0
, as in
T [Bn(x)] :=
(∑
∞
k=0
Qk(x)D
k
)
Bn(x) = anBn(x) for every n ∈ N0. We discover new relationships
between the sequence, {Qk(x)}
∞
k=0
, and the sequence, {an}∞n=0. We find new relationships between
polynomial interpolated eigenvalues and the sequence, {deg(Qk(x))}
∞
k=0
.
1. Introduction
A quintessential unsolved problem in the theory of differential operators,
T :=
∞∑
k=0
Qk(x)D
k, where D :=
d
dx
, (1.1)
is to characterize the properties of the polynomials, {Qk(x)}
∞
k=0, so that T preserves the class of poly-
nomials with only real zeros (the Laguerre-Po´lya Class) (Definition 18), (see, for example, [1–5] and the
references therein). However, the aforementioned problem is still open. We restrict our attention to dif-
ferential operators that are diagonal with respect to an eigenvector sequence of polynomials, {Bn(x)}
∞
n=0
(deg(Bn(x)) = n for each n ∈ N0, B0(x) 6≡ 0), and eigenvalue sequence of real numbers, {an}
∞
n=0, such
that
T [Bn(x)] :=
(
∞∑
k=0
Qk(x)D
k
)
Bn(x) = anBn(x), n ∈ N0. (1.2)
Our main result characterizes all possible eigenvalues of a diagonal differential operator (Theorem 7), a
generalization of A. Piotrowski [16, Proposition 33, p. 35]. We show, in particular, that if the sequence
{an}
∞
n=0 cannot be interpolated by a polynomial (Definition 2), then T must be an infinite order (Defini-
tion 3) differential operator (Corollary 9). We generalize a result of L. Miranian [14] and show for some
eigenvector sequences, {Bn(x)}
∞
n=0, that T is a finite order diagonal differential operator if and only if
the sequence, {an}
∞
n=0, can be interpolated by a polynomial (Theorem 13). Moreover, if T is hyperbol-
icity preserving with positive increasing eigenvalues, then deg(Qk(x)) = k for every k ∈ N0 up to the
degree of the polynomial that interpolates {an}
∞
n=0. If the sequence, {an}
∞
n=0, cannot be interpolated by
a polynomial, then deg(Qk(x)) = k for all k ∈ N0 (Theorem 24).
Our investigations are divided into two parts. First, we explore the properties of eigenvalues and
eigenvectors in a diagonal differential operator. Second, we discuss these results in conjunction with
hyperbolicity preserving operators and multiplier sequences.
2. Diagonal Differential Operators
Definition 1. Let T : R[x]→ R[x] be a linear operator. We say that T is a diagonal differential operator,
if there exists a sequence of real numbers {an}
∞
n=0, and a sequence of real polynomials, {Bn(x)}
∞
n=0
(deg(Bn(x)) = n for each n ∈ N0, B0(x) 6≡ 0), such that for every n ∈ N0, T [Bn(x)] = anBn(x). For
clarity, we note that a diagonal differential operator, T : R[x] → R[x], is a linear operator with the
additional assumption that there is an eigenvector of degree n, for each n ∈ N0.
Definition 2. Let {an}
∞
n=0 be a sequence of real numbers. If there is a polynomial, p(x), such that
an = p(n) for every n ∈ N0, then we say that {an}
∞
n=0 is interpolated by a polynomial. If no such
polynomial can be found, then {an}
∞
n=0 cannot be interpolated by a polynomial.
Definition 3. Let T : R[x]→ R[x] be a linear operator of the form,
T :=
∞∑
k=0
Qk(x)D
k, (2.1)
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where {Qk(x)}
∞
k=0 is some sequence of real polynomials. We say T is a finite order differential operator
of order n, if Qn(x) 6≡ 0 and Qk(x) ≡ 0 for k > n. Similarly, we say that T is an infinite order differential
operator if Qk(x) 6≡ 0 for infinitely many k ∈ N0.
We begin this section with a slight extension of Peetre’s 1959 result on linear operator representation
[15] (see also [16, p. 32]), which demonstrates that every linear operator, from R[x] to R[x], can be
represented in the form of (2.1).
Theorem 4. If T : R[x] → R[x] is any linear operator, then there is a unique sequence of polynomials,
{Qk(x)}
∞
k=0 ⊂ R[x], such that
T =
∞∑
k=0
Qk(x)D
k, where D :=
d
dx
. (2.2)
Furthermore, given any sequence of polynomials, {Bn(x)}
∞
n=0 (deg(Bn(x)) = n for each n ∈ N0, B0(x) 6≡
0), then for each n ∈ N0,
Qn(x) =
1
B
(n)
n
(
T [Bn(x)]−
n−1∑
k=0
Qk(x)B
(k)
n (x)
)
. (2.3)
Proof. We begin by defining the sequence of polynomials, {Qn(x)}
∞
n=0, by the recursive formula of (2.3).
Hence, solving for T [Bn(x)] in (2.3), yields,
T [Bn(x)] =
(
n∑
k=0
Qk(x)D
k
)
Bn(x), (2.4)
for each n ∈ N0. Thus, define the operator,
T˜ :=
∞∑
k=0
Qk(x)D
k, (2.5)
and note that T [Bn(x)] = T˜ [Bn(x)] for every n ∈ N0. By linearity, we conclude that T [p(x)] = T˜ [p(x)]
for every p(x) ∈ R[x]. Hence, T can be represented by the differential operator (2.2) where the Qk’s are
given by the recursive formula in (2.3). We now establish uniqueness. Suppose there are sequences of
real polynomials, {Qk(x)}
∞
k=0 and {Q˜k(x)}
∞
k=0, such that
T =
∞∑
k=0
Qk(x)D
k and T =
∞∑
k=0
Q˜k(x)D
k. (2.6)
Thus,
deg(p(x))∑
k=0
Qk(x)p
(k)(x) =
deg(p(x))∑
k=0
Q˜k(x)p
(k)(x), (2.7)
for every p(x) ∈ R[x]. For p(x) = 1, this gives Q0(x) = Q˜0(x). For p(x) = x, this gives Q0(x)x+Q1(x) =
Q˜0(x)x+ Q˜1(x) and hence, Q1(x) = Q˜1(x). We continue by induction and conclude that Qn(x) = Q˜n(x)
for every n ∈ N0. 
The next two theorems include some combinatorial facts that will be useful.
Theorem 5 ([19, p. 49]). If {an}
∞
n=0 is a sequence of real numbers and we define for each n ∈ N0,
cn =
n∑
k=0
(
n
k
)
ak, (2.8)
then for each n ∈ N0,
an =
n∑
k=0
(
n
k
)
ck(−1)
n−k. (2.9)
Theorem 6. Let p(x) be a real polynomial and for each n ∈ N0 set
an =
n∑
k=0
(
n
k
)
p(k)(−1)n−k. (2.10)
If n > deg(p(x)), then an = 0. If n = deg(p(x)), then an = n!p
(n) 6= 0.
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Proof. It is well known that
n∑
k=0
(
n
k
)
xk = (1 + x)n, (2.11)
thus,
n∑
k=0
(
n
k
)
kmxk = (xD)m(1 + x)n, where D :=
d
dx
. (2.12)
In equation (2.12), each differentiation reduces by one the multiplicity of the zero at −1. Thus we have,
n∑
k=0
(
n
k
)
km(−1)n−k = (−1)n(xD)m(1 + x)n
∣∣∣∣∣
x=−1
=
{
0 0 ≤ m < n
n! m = n
. (2.13)
Calculation (2.13) is also found in [10, Equation 1.13, p. 2]. Thus, for polynomial, p(x) := c0 + c1x +
· · ·+ cnx
n, deg(p(x)) ≤ n, we have,
n∑
k=0
(
n
k
)
p(k)(−1)n−k =
n∑
k=0
(
n
k
)
(c0 + c1k + · · ·+ cnk
n) (−1)n−k (2.14)
=
(
n∑
k=0
(
n
k
)
(−1)n−k
)
c0 + · · ·+
(
n∑
k=0
(
n
k
)
kn(−1)n−k
)
cn = n!cn. (2.15)
The result now follows. 
Theorem 7. If T is a diagonal differential operator,
T [Bn(x)] :=
(
∞∑
k=0
Qk(x)D
k
)
Bn(x) = anBn(x), n ∈ N0, (2.16)
then
an =
n∑
k=0
(
n
k
)
Q
(k)
k (2.17)
and
Q(n)n =
n∑
k=0
(
n
k
)
ak(−1)
n−k. (2.18)
Proof. Notice that for each n ∈ N0, deg (T [Bn(x)]) = deg(anBn(x)) ≤ n. Hence, the recursive formula
of Theorem 4, establishes by induction that deg(Qk(x)) ≤ k for each k ∈ N0. Thus, by assumption, since(
∞∑
k=0
Qk(x)D
k
)
Bn(x) = anBn(x), (2.19)
then differentiating both sides n times yields,
n∑
k=0
n∑
j=0
(
n
j
)
Q
(j)
k (0)B
(k+n−j)
n (0) = anB
(n)
n . (2.20)
Hence, since Bn(x) is of degree n and deg(Qk(x)) ≤ k, we have,
n∑
k=0
(
n
k
)
Q
(k)
k = an. (2.21)
Equation (2.18) follows from Theorem 5. 
As we will find, Theorem 7 will lead to a number of interesting observations concerning diagonal
differential operators. In many places, formula (2.17) is typically assumed as a condition of study (for
example [11]) or additional hypotheses are imposed to obtain (2.17) (see [12, 22]). In the orthogonal
case, this calculation is also found in [20, 21]; in particular, in [21, Theorem 4.2.2, p. 61] somewhat more
difficult abstract methods are used to derive (2.17) for the Jacobi polynomials. Equation (2.17) also
appears to partially solve a problem of Fisk [8, Question 115, p. 731]. We also note that Theorem 7 is a
generalization of A. Piotrowski’s observation [16, Proposition 33, p. 35].
Our first interesting result provides necessary and sufficient conditions for the sequence of eigenvalues
of a diagonal differential operator to be interpolated by a polynomial.
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Theorem 8. Suppose T is a diagonal differential operator,
T [Bn(x)] :=
(
∞∑
k=0
Qk(x)D
k
)
Bn(x) = anBn(x), n ∈ N0. (2.22)
Then {an}
∞
n=0 can be interpolated by a polynomial of degree m if and only if deg(Qm(x)) = m and
deg(Qk(x)) < k for k > m. Moreover, {an}
∞
n=0 cannot be interpolated by a polynomial if and only if
deg(Qk(x)) = k for infinitely many k ∈ N0.
Proof. As was noted in the proof of Theorem 7, deg(Qk(x)) ≤ k for each k ∈ N0. In addition, by
Theorem 7,
Q(n)n =
n∑
k=0
(
n
k
)
ak(−1)
n−k. (2.23)
Thus, if {an}
∞
n=0 can be interpolated by a polynomial of degree m, p(x), (i.e., p(n) = an for all n ∈ N0,
see Definition 2), then by Theorem 6, Q
(m)
m 6= 0 and Q
(k)
k = 0 for k > m; that is, deg(Qm(x)) = m
and deg(Qk(x)) < k for all k > m. Conversely, if there is m ∈ N0 such that deg(Qm(x)) = m and
deg(Qk(x)) < k for all k > m (that is, Q
(m)
m 6= 0 and Q
(k)
k = 0 for k> m), then, by Theorem 7, {an}
∞
n=0
can be interpolated by the polynomial of degree m,
p(x) :=
∞∑
k=0
(
x
k
)
Q
(k)
k , (2.24)
where for each k ∈ N0,
(
x
k
)
=
1
k!
x(x − 1) · · · (x − (k − 1)) is a polynomial of degree k. 
Corollary 9. Suppose T is a diagonal differential operator,
T [Bn(x)] :=
(
∞∑
k=0
Qk(x)D
k
)
Bn(x) = anBn(x), n ∈ N0. (2.25)
Then each of the following statements hold.
(1) If T is of finite order, then {an}
∞
n=0 can be interpolated by a polynomial.
(2) If {an}
∞
n=0 cannot be interpolated by a polynomial, then T is of infinite order.
(3) If {an}
∞
n=0 is a non-constant sequence with a bounded sub-sequence, then T is of infinite order.
(4) If {an}
∞
n=0 is either a non-constant, non-negative, decreasing sequence or a non-constant, non-
positive, increasing sequence, then T is of infinite order.
(5) If {an}
∞
n=0 is a non-constant alternating sequence, then T is of infinite order.
Example 10. Consider the diagonal differential operator,
T [xn] =
1
n!
xn. (2.26)
Operator T has the following differential representation (see Theorem 4),
T =
∞∑
n=0
1
n!
(
n∑
k=0
(
n
k
)
1
k!
(−1)n−k
)
xnDn = 1−
1
2
x2D2 +
2
3
x3D3 −
5
8
x4D4 + · · · . (2.27)
Corollary 9 item (3) implies that T is an infinite order differential operator.
Example 11. Consider the following Hermite diagonal differential operators,
T [Hn(x)] = nHn(x) and T˜ [Hn(x)] = (−1)
nnHn(x), (2.28)
where Hn(x) denotes the n
th Hermite polynomial (see [18, p. 187]). We provide the first few polynomial
coefficients from Theorem 4,
T = xD −
1
2
D2, (2.29)
and
T˜ = −xD +
(
2x2 −
1
2
)
D2 +
(
−2x3 + x
)
D3 + · · · . (2.30)
We see that T is a finite order differential operator while Corollary 9 item (5) shows that T˜ is an infinite
order differential operator.
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Example 12. While the notions of “polynomial interpolation” and “finite order” seem intimately con-
nected (Theorem 8), there exist operators that are of infinite order and have eigenvalues that can be
interpolated by a polynomial. Consider the following Legendre diagonal differential operator,
T [Pn(x)] = nPn(x), (2.31)
where Pn(x) denotes the n
th Legendre polynomial (see [18, p. 157]). Using the Legendre differential
equation, we have,
(T 2 + T )[Pn(x)] = (n
2 + n)Pn(x) = ((x
2 − 1)D2 + 2xD)Pn(x). (2.32)
If T is of finite order
(
T :=
n∑
k=0
Qk(x)D
k
)
, then T 2+T is also of finite order (T 2+T = (Qn(x))
2D2n+
· · · ). Hence, we conclude that T must be of order one, since T 2 + T is of order two; i.e., T = Q1(x)D +
Q0(x), where Q1(x) and Q0(x) are polynomials. Moreover, the polynomial coefficients of D
2 are equal
and therefore Q1(x)
2 = x2 − 1. But this is impossible for a polynomial. Hence, T cannot be of finite
order. Thus, T is an infinite order diagonal differential operator with eigenvalues that can be interpolated
by a polynomial. For clarity, by Theorem 4, we provide the first few Qk’s of operator T ,
T = (x)D +
(
−
1
3
)
D2 +
(
2
15
x
)
D3 +
(
−
4
105
x2 −
1
105
)
D4 + · · · (2.33)
Note that although T is of infinite order, Theorem 8 still holds, in that deg(Qk(x)) < k for k > 2.
We now generalize when polynomial interpolation will correspond to a finite order differential operator.
For example, consider the Hermite or Laguerre basis of L. Miranian [14].
Theorem 13. Suppose for the basis, {Bn(x)}
∞
n=0, there is a finite order differential operator, W , such
that W [Bn(x)] = nBn(x). Now suppose T is any diagonal differential operator such that,
T [Bn(x)] :=
(
∞∑
k=0
Qk(x)D
k
)
Bn(x) = anBn(x), n ∈ N0. (2.34)
Then {an}
∞
n=0 can be interpolated by a polynomial if and only if T is a finite order differential operator.
Proof. If T is a finite order diagonal differential operator, then, by Corollary 9 item (1), {an}
∞
n=0 can be
interpolated by a polynomial. Conversely, suppose that {an}
∞
n=0 can be interpolated by a polynomial,
p(x). Using the operator,W , from our assumption, we observe that p(W )Bn(x) = p(n)Bn(x) = anBn(x).
Hence, by uniqueness in Theorem 4, T = p(W ). Thus, T is a finite order diagonal differential operator.

Question 14. In relation to the results of L. Miranian [14] and Theorem 13, we might wonder if a more
general statement is possible. Suppose {Bn(x)}
∞
n=0 is a simple basis of polynomials, and W is a finite
order differential operator of “smallest order” that diagonalizes {Bn(x)}
∞
n=0, as in,
W [Bn(x)] = anBn(x). (2.35)
By “smallest order” we mean that if U is any other operator that diagonalizes {Bn(x)}
∞
n=0, then the
order of W is smaller than the order of U . This leads to the following question. If T is any other finite
order differential operator that diagonalizes {Bn(x)}
∞
n=0,
T [Bn(x)] = cnBn(x), (2.36)
then must there exist a polynomial, p(x), such that,
p(W )Bn(x) = T [Bn(x)] = cnBn(x) = p(an)Bn(x), (2.37)
for every n ∈ N0?
We now begin work on the uniqueness of eigenvalues and eigenvectors in a diagonal differential oper-
ators.
Theorem 15. Suppose T is a diagonal differential operator with respect to {an}
∞
n=0 and {Bn(x)}
∞
n=0
and with respect to {a˜n} and {B˜n(x)}
∞
n=0; that is,
T [Bn(x)] = anBn(x) and T [B˜n(x)] = a˜nB˜n(x). (2.38)
Then an = a˜n for all n ∈ N0.
Proof. Use Theorem 7 after noting that formula (2.17) is independent of basis. 
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Upon stating the above theorem, we immediately ask if the Bn’s in a diagonal differential operator
are also unique. Simple examples demonstrate that this is not the case. In particular, for any sequence
{βn}
∞
n=0 ⊆ R such that B˜n(x) := βnBn(x), where T [Bn(x)] = anBn(x), then certainly, by linearity,
T [B˜n(x)] = anB˜n(x); that is, any diagonal differential operator, T , will diagonalize on multiples of it’s
diagonalization. However, under additional restrictions on the eigenvalues, then we can show that the
basis chosen for diagonalization is unique up to the constant multiplies noted above.
Theorem 16 ([12, H. Krall and I. Scheffer]). Suppose T is a diagonal differential operator with respect
to {an}
∞
n=0 and {Bn(x)}
∞
n=0 and with respect to {an}
∞
n=0 and {B˜n}
∞
n=0,
T [Bn(x)] = anBn(x) and T [B˜n(x)] = anB˜n(x), n ∈ N0. (2.39)
For a fixed m, suppose am 6= ak for all 0 ≤ k < m. Then there is β ∈ R, β 6= 0, such that
Bm(x) = βB˜m(x). (2.40)
Proof. Since {B˜n(x)}
∞
n=0 is a simple basis, Bm(x) = βmB˜m(x)+βm−1B˜m−1(x)+ · · ·+β0B˜0(x), βm 6= 0.
We now apply T to Bm(x) and calculate in two different ways,
T [Bm(x)] = amBm(x) = amβmB˜m(x) + amβm−1B˜m−1(x) + · · ·+ amβ0B˜0(x), (2.41)
and
T [Bm(x)] = T [βmB˜m(x)+ · · ·+β0B˜0(x)] = amβmB˜m(x)+am−1βm−1B˜m−1(x)+ · · ·+a0β0B˜0(x). (2.42)
Equating coefficients from above, yields, amβm−1 = am−1βm−1, amβm−2 = am−2βm−2, . . ., and amβ0 =
a0β0. By assumption, am 6= ak for 0 ≤ k < m, thus βk = 0 for 0 ≤ k < m. Hence, we have
Bm(x) = βmB˜m(x) (βm 6= 0) as desired. 
Example 17. In some sense, Theorem 16 is best possible. Consider the following diagonal differential
operators,
T [xn] :=
(
∞∑
k=0
Qk(x)D
k
)
xn = (−1)nxn, (2.43)
and
T˜ [Hn(x)] :=
(
∞∑
k=0
Q˜k(x)D
k
)
Hn(x) = (−1)
nHn(x). (2.44)
Using the recursive formula of Theorem 4, by induction, for every k ∈ N0,
Qk(x) = Q˜k(x) =
(−2)k
k!
xk. (2.45)
Hence, by linearity, T = T˜ . Thus, T is a diagonal differential hyperbolicity preserving operator that
can diagonalize with two distinct non-trivial bases (the bases are not simply multiples of each other) (cf.
Theorem 16).
3. Hyperbolicity Preserving Diagonal Differential Operators
We will now refine the results of Section 2, specifically in the case of hyperbolicity preserving operators.
Definition 18. Let T : R[x] → R[x] be a linear operator on real polynomials. We say that T is
hyperbolicity preserving if T [p(x)] has only real zeros whenever p(x) has only real zeros. Furthermore, if
T is a hyperbolicity preserving diagonal differential operator,
T [Bn(x)] :=
(
∞∑
k=0
Qk(x)D
k
)
Bn(x) = anBn(x), n ∈ N0, (3.1)
then the eigenvalue sequence, {an}
∞
n=0, is referred to as a multiplier sequence for the basis, {Bn(x)}
∞
n=0,
or simply a {Bn(x)}
∞
n=0 multiplier sequence. If for each n ∈ N0, Bn(x) = x
n, then {an}
∞
n=0 is called a
classical multiplier sequence.
Multiplier sequences are well studied throughout the literature. We summarize below some of the
important properties that will be of use in the sequel (see also [6], [13, p. 341], [16, Proposition 45, p.
43]).
Theorem 19. Let {γk}
∞
k=0 be a classical multiplier sequence. Then each of the following assertions hold:
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(1) {|γk|}
∞
k=0, {−|γk|}
∞
k=0, {(−1)
k|γk|}
∞
k=0, and {(−1)
k+1|γk|}
∞
k=0 are also classical multiplier se-
quences, furthermore one of these is the original sequence, {γk}
∞
k=0, and
(2) the Tura´n inequalities are satisfied; i.e., γ2k+1 − γkγk+2 ≥ 0 for every k ≥ 0.
Remark 20. The Tura´n inequalities are also satisfied for the coefficients of polynomials with only real
zeros (see [8, Corollary 4.11, p. 108]). In particular, we note that if a polynomial has only real negative
zeros then none of the polynomial coefficients are zero. Likewise, if a transcendental entire function can
be approximated by polynomials with only real negative zeros and has no zeros at the origin, then none
of the Taylor coefficients are zero.
Another important result, in the study of multiplier sequences and hyperbolicity preserving operators,
is the multiplier sequence categorization theorem of A. Piotrowski.
Theorem 21 ([16, Theorem 158, p. 145]). If {an}
∞
n=0 ⊆ R is a {Bn(x)}
∞
n=0 multiplier sequence
(deg(Bn(x)) = n, B0(x) 6≡ 0), then {an}
∞
n=0 is also a classical multiplier sequence.
With the results in the previous section, we are now in a position to extend A. Piotrowski’s result
(Theorem 21) and provide the exact relationship of the differential representations.
Theorem 22. Suppose T is a diagonal differential operator with respect to {Bn(x)}
∞
n=0 that is also
hyperbolicity preserving,
T [Bn(x)] :=
(
∞∑
k=0
Qk(x)D
k
)
Bn(x) = anBn(x), n ∈ N0. (3.2)
Then
T˜ [xn] :=
(
∞∑
k=0
Q
(k)
k
k!
xkDk
)
xn = anx
n, n ∈ N0, (3.3)
is a diagonal differential operator with respect to {xn}∞n=0 and is also hyperbolicity preserving.
Proof. By Theorem 21, it is already know that if T [Bn(x)] := anBn(x) is hyperbolicity preserving, then
T˜ [xn] := anx
n must also be hyperbolicity preserving. Thus, the new aspect of this theorem is the
discovery of the exact differential form of T˜ . That is, we wish to show,
T˜ =
∞∑
k=0
Q
(k)
k
k!
xkDk. (3.4)
Define,
W :=
∞∑
k=0
Q
(k)
k
k!
xkDk. (3.5)
Since T [Bn(x)] = anBn(x) for every n ∈ N0, then by Theorem 7, for each n ∈ N0,
an =
n∑
k=0
(
n
k
)
Q
(k)
k . (3.6)
Thus,
W [xn] =
(
∞∑
k=0
Q
(k)
k
k!
xkDk
)
xn =
n∑
k=0
Q
(k)
k
k!
xk
n!
(n− k)!
xn−k =
(
n∑
k=0
(
n
k
)
Q
(k)
k
)
xn = anx
n. (3.7)
Hence, W and T˜ agree on the basis {xn}∞n=0. So, by linearity, W = T˜ . 
Similar to Section 2, we now begin some work on the uniqueness of the differential representation for
hyperbolicity preserving operators. In Theorem 16, it is realized that non-repeating eigenvalues (i.e.,
an 6= am for n 6= m) gives us unique eigenvectors (up to a multiple). In particular, strictly increasing
eigenvalues must have unique eigenvectors (up to a multiple). Hence, the following case of hyperbolicity
preservers is of interest.
Theorem 23. Suppose T is a hyperbolicity preserving diagonal differential operator,
T [Bn(x)] =
(
∞∑
k=0
Qk(x)D
k
)
Bn(x) = anBn(x), n ∈ N0, (3.8)
where {an}
∞
n=0, a0 > 0, is interpolatable by a non-constant polynomial. Then T must have strictly
increasing eigenvalues.
8 ROBERT D. BATES
Proof. Multiplier sequences are either all non-negative, non-positive, or alternate in sign (Theorem 19
item (1)). Since a0 > 0 and {an}
∞
n=0 is interpolated by a non-constant polynomial (i.e., an → ∞ or
an → −∞), then an ≥ 0 for all n ∈ N0. Furthermore, if ak ≥ ak+1 for some k, then by the Tura´n
inequalities (Theorem 19 item (2)), an+1 ≥ an+2 for all n ≥ k. Thus, since {an}
∞
n=0 is interpolated by a
non-constant polynomial (again, either an → ∞ or an → −∞), then we must have ak < ak+1 for every
k ∈ N0. 
An analogous result can be formulated for operators that diagonalize on a basis, {Bn(x)}
∞
n=0, where
for each n ∈ N0, Bn(x) has real simple zeros (see [9]). We also note that all finite order diagonal
differential operators have polynomial interpolated eigenvalues (Theorem 9). Thus, we find that many
hyperbolicity preserving operators have a unique diagonalization (up to a multiple, see Theorem 16).
Of course, it should be noted that Example 17 serves to show that there are hyperbolicity preserving
operators that do not have unique diagonalizations.
Increasing eigenvalues actually provide even further restrictions on the differential representation of
hyperbolicity preserving diagonal differential operators (cf. Theorem 8).
Theorem 24. Suppose T is a hyperbolicity preserving diagonal differential operator,
T [Bn(x)] =
(
∞∑
k=0
Qk(x)D
k
)
Bn(x) = anBn(x), n ∈ N0, (3.9)
where 0 < an < an+1 for each n ∈ N0. If {an}
∞
n=0 is interpolated by a polynomial, p(x), deg(p(x)) = m,
then deg(Qk(x)) = k for all 0 ≤ k ≤ m. Likewise, if {an}
∞
n=0 cannot be interpolated by a polynomial,
then deg(Qk(x)) = k for every k ∈ N0.
Proof. By Theorem 21, {an}
∞
n=0 is a classical multiplier sequence. Since {an}
∞
n=0 is increasing, then by
T. Craven and G. Csordas [7],
f(x) := e−x
(
∞∑
k=0
ak
k!
xk
)
=
∞∑
n=0
1
n!
(
n∑
k=0
(
n
k
)
ak(−1)
n−k
)
xn =
∞∑
k=0
Q
(k)
k
k!
xk (3.10)
is approximable by polynomials with only real negative zeros (see also [17]). If {an}
∞
n=0 is interpolated
by a polynomial, p(x), deg(p(x)) = m, then by Theorem 8, Q
(m)
m 6= 0 and Q
(k)
k = 0 for k > m. Hence,
f(x) is a polynomial of degree m with only real negative zeros. Therefore, by Remark 20, Q
(k)
k 6= 0
for each 0 ≤ k ≤ m. Similarly, if {an}
∞
n=0 is not interpolatable by a polynomial, then by Theorem 8,
Q
(k)
k 6= 0 for infinitely many k. Hence, f(x) is a transcendental entire function that is approximable by
polynomials with only real negative zeros (furthermore, since a0 6= 0, Q
(0)
0 6= 0, so, f(x) has no zeros at
the origin). Therefore, by Remark 20, Q
(k)
k 6= 0 for all k ∈ N0. 
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